Abstract. In this paper we prove there exists a Kähler-Ricci soliton, unique up to holomorphic automorphisms, on any toric Kähler manifold with positive first Chern class, and the Kähler-Ricci soliton is a Kähler-Einstein metric if and only if the Futaki invariant vanishes.
Introduction
Since the celebrated work of Yau [Y] on the existence of Kähler-Einstein metrics on Kähler manifolds with negative or vanishing first Chern class, and that of Aubin [A] for Kähler manifolds with negative first Chern class, significant progress has been made in the study of Kähler-Einstein metrics on Fano manifolds, namely Kähler manifolds with positive first Chern class. Notable works include a necessary condition, namely the vanishing Futaki invariant, by Futaki [Fu] , the uniqueness of Kähler-Einstein metrics by Bando and Mabuchi [BM] , the existence of Kähler-Einstein metrics on compact complex surfaces [T1] , and in particular a striking non-existence example [T2] . However the existence of Kähler-Einstein metrics, or more generally the existence of Kähler-Ricci solitons, remains a challenging problem in general. In this paper we give a complete resolution for the existence of Kähler-Einstein metrics or Kähler-Ricci solitons on toric Fano manifolds. That is By definition an n-dimensional Kähler manifold is toric if there is a maximal torus T ⊂ Aut (M ) such that T is isomorphic to (C * [O] , where Aut (M ) denotes the group of bi-holomorphic automorphsims on M .
The uniqueness of Kähler-Ricci solitons on Fano manifolds has recently been proved in [TZ1, TZ2] . The existence of Kähler-Ricci solitons on (toric) Fano manifolds with non-vanishing Futaki invariant is desirable. Indeed most toric Fano manifolds have nonvanishing Futaki invariant [B1,B2,M,N1] . For the special manifolds CP n #kCP n , where 1 ≤ k ≤ n + 1, the Futaki invariant vanishes only when k = n + 1. However our knowledge on the existence of Kähler-Ricci solitons is limited. For example it is still unknown whether there is a Kähler-Ricci soliton on the manifold CP 2 #2CP 2 . There are some examples of Kähler-Einstein solitons constructed by the ODE method, see [K] for compact case and [C,PTV] for complete non-compact case. In particular in [K] it is proved that the manifold CP n #CP n admits a Kähler-Ricci soliton. 
where Ric(ω g ) is the Ricci form and ω g is the Kähler form of the metric g, and L X is the Lie derivative along X. If X = 0, the Kähler-Ricci soliton reduces to a Kähler-Einstein metric with positive scalar curvature. The uniqueness result in [TZ1, TZ2] shows that a Kähler-Ricci soliton, if it exists, is also unique. Namely the vector field X is uniquely determined and the metric g is unique up to holomorphic automorphisms.
To prove Theorem 1.1 we first need to determine the vector field X. This can be done by using a holomorphic invariant, which is an extension of the Futaki invariant, introduced in [TZ2] . That is X is a solution if and only if the holomorphic invariant vanishes, see section 2 below. If X = 0, the holomorphic invariant reduces to the Futaki invariant, and the Kähler-Ricci soliton becomes Kähler-Einstein metric. Hence Corollaries 1.2 and 1.3 follows. The existence of the metric g is reduced to solving a complex equation of Monge-Ampère type on the manifold M . This equation can be further reduced to a real Monge-Ampère equation on the entire space R n for toric Fano manifolds. This property enables us to establish a uniform estimate, and also high order derivative estimates, for the solutions. Therefore the continuity method applies. This paper is organized as follows. In Section 2 we show that the vector field X can be determined by the Futaki type integral introduced in [TZ2] , and that the existence of the metric g can be reduced to studying a real Monge-Ampère equation in R n . In Section 3 we establish the a priori estimates for the real Monge-Ampère equation. The authors would like to thank Gang Tian for stimulating discussions.
A holomorphic invariant on toric Fano manifolds
Let (M, g ) be an n-dimensional compact Kähler manifold with positive first Chern class c 1 (M ) > 0. Since the Ricci form of ω g ,
represents c 1 (M ), there is a unique smooth function h = h g on M such that
where
denotes the Kähler form of g, and ω 
2)
The following holomorphic invariant was introduced in [TZ2] ,
where η(M ) denotes the Lie algebra of holomorphic vector fields on M . When X = 0, the functional F X is just the Futaki invariant [Fu] . It was showed in [TZ2] that F X is independent of the choice of Kähler metric g and
Let M be a toric Fano manifold. We show that there always exists a holomorphic vector field X on M such that F X ≡ 0. Let T denote the maximal torus of Aut (M ) and η 0 (M ) the associated Lie algebra.
is the maximal Abelian Lie subalgebra of η (M ) . The Cartan decomposition allows us to write η(M ) as a linear combination,
where {v i } are the common eigenvectors of the adjoint actions
For toric Fano manifolds, the dimension of η 0 (M ) is equal to n. Hence for each v i , there 
Proof. It is shown in [TZ2] that there exists a unique holomorphic vector field X ∈ η r (M ), of which the imaginary part Im(X) generates a one-parameter compact subgroup in
Moreover, X is either the zero vector field or an element of the center of η r (M ) , and
Since X is an element of the center of η r (M ), we have X ∈ η 0 (M ). Hence by (2.5) we need only to show that
Since M is a toric manifold, the Lie algebra η 0 (M ) is spanned by the basis
. Therefore the vector field X determined in Lemma 2.1 can be expressed in the form
In the following we show how the constants c i are determined by the manifold M . 
where dΘ is the standard volume form of K 0 . The function u 0 is uniquely determined by a convex polyhedron Ω * ⊂ R n associated to the toric Fano manifold M , and can be given explicitly [BS] . That is if p (1) , · · · , p (m) denote the vertices of Ω * , then
This expression implies that the gradient (moment) mapping Du
The graph of v is a convex cone with vertex at the origin. Then u 0 also satisfies 
Hence by (2.10) we have, after normalization,
From (2.2) we have
, where is the Laplacian operator with respect to the metric ω g 0 . Hence
where the constant c v is uniquely determined by the normalization condition (the second formula) in (2.2). Inserting it into (2.4) and integrating by parts, we have
Let v = X i . By (2.9) and (2.13) we see that the left hand side is equal to
Hence b i = c X i and Remark. Mabuchi [M] proved that if a toric Fano manifold admits a Kähler-Einstein metric, then (2.16) holds with c i = 0, i = 1, · · · , n. Namely the barycenter of Ω * is the origin. We note that one can also prove directly the existence and uniqueness of c 1 , · · · , c n satisfying (2.16). See, e.g., [MTW] .
To solve equation (1.1) we also need to determine the metric, namely to find a metric g such that (X, g) solves equation (1.1). Let ω g =: ω g 0 + √ −1 2π ∂∂ϕ. By (2.1) and (2.3) one sees that (1.1) is equivalent to the complex Monge-Ampère equation
(2.17)
Since the metric ω g 0 is K 0 -invariant, we want to find a K 0 invariant solution ϕ.
By (2.13) we arrive at the real Monge-Ampère equation
Note that if u is a solution of (2.18), by the second formula in (2.17), u is convex. It follows that Du(R
by the boundedness of ϕ = u − u 0 . In the next section will use the continuity method to solve equation (2.17). 
The a priori estimates
To prove the solvability of equation (2.17), we use the continuity method. Consider the equation
where t is a parameter in [0, 1]. When t = 0, the solvability of (3.1) was proved in [Z] , and the solution is unique up to a constant. Suppose ϕ t is a K 0 -invariant solution of (3.1). It is known that for any t ∈ [0, 1], the linearized operator
is invertible [TZ1] , where is the Laplacian operator with respect to the metric
Thus by the implicity function theorem, there is a positive constant ε 0 > 0 such that (3.1) admits a smooth K 0 -invariant solution for any t ∈ [0, ε 0 ), which is unique by [TZ1] .
We will apply the continuity method for t ∈ [ε 0 , 1]. For this purpose we need to establish the a priori estimates for equation (3.1) for t ∈ [ε 0 , 1]. By the a priori estimates in [Y] , which was extended to cover equation (3.1) [TZ1] , it suffices to establish the uniform estimate for (3.1) for t ∈ [ε 0 , 1].
Let ϕ be a solution of (3.1). Let u = u 0 + ϕ. Then similarly to (2.18), u satisfies
To obtain a uniform estimate for ϕ, it suffices to establish a uniform estimate for u − u 0 .
We will use the following well known result for convex domains [Mi] .
Then there is a unique ellipsoid E, called the minimum ellipsoid of Ω, which attains minimum volume among all ellipsoids containing Ω, such that
where αE denotes the α-dilation of E with concentrated center.
Let T be a linear transformation with |T | = 1, which leaves the center x 0 of E invariant, namely T (x) = A(x − x 0 ) + x 0 for some matrix A, such that T (E) is a ball B R . Then we have B R/n ⊂ T (Ω) ⊂ B R for two balls with concentrated center.
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Lemma 3.2. We have
Proof. For any nonnegative integer k, we denote
and by (2.16), the origin is contained in Ω *
. Hence for any k ≥ 0, A k is a bounded set and the minimum m t is attained at some point in A 0 .
By equation (3.3) we have
. By Lemma 3.1 there exists a linear transformation y = T (x) with |T | = 1, which leaves the center of the minimum ellipsoid of A 0 invariant, such that
Indeed, let
where y t is the center of the minimum ellipsoid of A 0 . Then
and v ≥ w on ∂T (A 0 ). Hence by the comparison principle we have v ≥ w in T (A 0 ). In particular we have
Hence (3.7) follows.
By the convexity of w, we have
We obtain
, where ω n is the area of the sphere S n−1 . We note that the above integration is invariant under any linear transformation T with |T | = 1. Returning to the coordinates x, by equation (3.3) we have
where we have used the transformation y = Du(x). Hence m t ≤ C.
for some uniform constant C.
Proof. By equation (3.3),
for some constant β. Recall that |Dw| ≤ d 0 := sup{|x| : x ∈ Ω * }. Hence by (3.6) there exists R > 0 such that inf ∂B R (x t ) w ≥ m t + 1. By convexity we have
(3.10)
Hence for any ε > 0 small, there exists R ε sufficiently large such that
where both R and R ε are independent of t. 
If ε > 0 is sufficiently small, we obtain
On the other hand, by (2.16) and (3.3),
We obtain . We reach a contradiction. This completes the proof.
Lemma 3.4. Let ϕ = ϕ t , where t ∈ [ε 0 , 1], be a solution of (3.1). Then
Proof. Let v be the function defined in (2.11). Since the graph of v is the asymptotical cone of the graph of u
, by convexity we have
where a = u(0) − v(0). Hence by (2.12) we have
Hence to prove (3.11) it suffices to show u(0) is upper bounded. It remains to prove that ϕ is lower bounded. That is Lemma 3.5. Let ϕ be as in Lemma 3.4. We have
(3.12)
We have two different proofs for Lemma 3.5. We include both proofs here.
Proof (i)
. By (2.12) it suffices to prove For r > 0 we denote z(r) = sup
(3.14)
Suppose the supremum is attained at p = p r . Then we have
where ξ = p/|p| is a unit vector. We claim that for r > 0 large (say r > r 0 for some
Since the right hand side is integrable from 1 to ∞, Lemma 3.5 follows immediately.
· x}, k = 1, · · · , m, be the faces of the convex cone G v (the graph of v). Suppose (p, v(p) ) is located on the face F (1) . Replacing u by u − p is contained in {x n+1 = 0}. Choosing a proper coordinate system we suppose . When r is sufficiently large, this is a contradiction.
Proof (ii).
We prove a Harnack type inequality, namely (3.19) 
